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Abstract. In a distributed network, a compact multicast scheme is a
routing scheme that allows any source to send messages to any set of
targets. We study the trade-oﬀ between the space used to store the routing table on each node and the stretch factor of the multicast scheme –
the maximum ratio over all sets of nodes between the cost of the multicast route induced by the scheme and the cost of a steiner tree between
the same set of target nodes. We obtain results in several variants of
the problem: labeled – in which the designer can choose polylogarithmic
node names, name-independent – in which nodes have arbitrarily chosen
names, dynamic – an online version of the problem in which nodes dynamically join and leave the multicast service and the goal is to minimize
both the cost of the multicast tree at each stage and the total cost of
control messages needed to update the tree.

1

Introduction

As the Internet becomes increasingly used for wide-scale broadcast of information, the ability to send packets to large fractions of the Internet at near-optimal
cost may be the vital step that will allow the Internet to replace traditional
broadcast media. For large multicast groups, there are substantial ineﬃciencies that result from using unicast to send messages to many recipients, both
from the standpoint of the sender, and from the standpoint of wasted aggregate
bandwidth. However, present-day routers cannot possibly incorporate full global
information about all possible multicast sets, nor can they store the complete
network graph and calculate the minimum spanning tree (MST) or minimum
Steiner tree on the set of destinations. Therefore, it is absolutely crucial that
memory is eﬃciently utilized within the routing fabric.
In this paper, we initiate the study of compact multicast routing. Informally,
the multicast routing problem it to determine the memory held for routing by
each network node, and to devise a routing algorithm that delivers a packet with
multiple targets to its destinations. A routing scheme is compact if it is memory
eﬃcient. Its goodness is measured by its stretch, the total network distance it
utilizes, compared with the shortest multicast path available. Precise problem
deﬁnition and performance measures are provided below, and are among the

contributions of this paper. Additionally, we provide multicast routing schemes
whose memory/stretch tradeoﬀs are comparable to the unicast case.
There is a very extensive literature on compact unicast routing [10,12]. Suppose we are given a set of 𝑛 vertices 𝑉 with distinct labels from {1, . . . , 𝑛}, and
a weighted, undirected graph 𝐺 on those vertices. A routing scheme is a distributed algorithm that produces a path in 𝐺 between 𝑢, 𝑣 ∈ 𝑉 . The stretch of
the scheme is deﬁned as the maximum, over all choices of 𝑢, 𝑣 ∈ 𝑉 , of the length
of the produced path between 𝑢 and 𝑣 divided by the length of the shortest
such path. The memory of the scheme is the maximum amount of information
the algorithm requires to be stored at a node for the node to locally produce
the next hop of any routing path. The header size of the scheme is the amount
of information the scheme requires to be included in each packet to be routed.
The challenge is to produce compact routing schemes that use 𝑜(𝑛) memory and
poly-log sized headers, while producing 𝑂(1) stretch.
Much is known about these tradeoﬀs. When nodes are allowed to be renamed,
˜ 1/𝑘 ) memory [12], and
it is known that producing stretch 2𝑘 − 1 requires 𝑂(𝑛
this matches the lower bound known for 𝑘 = 3, 5. For trees, routing requires
𝑂(log2 𝑛/ log log 𝑛) memory and header size, and this is known to be optimal [6].
When nodes are given ﬁxed labels, it is known that a stretch 3 scheme exists
˜ 1/2 ) memory [2], and a stretch 𝑂(𝑘) scheme exists with memory
requiring 𝑂(𝑛
1/𝑘
˜
𝑂(𝑘𝑛 ) [1].
We propose the existence of compact multicast routing schemes, which are
distributed algorithms to deliver a packet from any node 𝑢 ∈ 𝑉 to any set of
target nodes 𝐴 ⊆ 𝑉 . The memory of the scheme is deﬁned as in the unicast
problem, but stretch is now deﬁned as the maximum, over all choices of 𝑢 and
𝐴, of the total weight of edges used by the algorithm to deliver the packet to
all nodes of 𝐴, divided by the weight of the minimum Steiner tree with 𝐴 ∪ {𝑢}
˜
as targets. We allow headers to be 𝑂(∣𝐴∣)
bits in size, so that the packets can
include a list of all destinations, but are similarly restrained, as in the unicast
case, from including full path information.
At ﬁrst sight, the problem seems daunting. There are 2𝑛 − 1 possible destination subsets. So a complete information scheme should maintain at each node
the next step(s) of the shortest spanning tree, for all possible subsets. So it might
appear that an optimal solution that locally determines how to forward a packet
to each possible target set requires exponential memory. Fortunately, this is not
˜ 2 ) memory (more precisely, usso, as the entire graph can be stored using 𝑂(𝑛
˜
ing 𝑂(∣𝐸∣)
memory), from which a 2-approximation of the optimal solution can
be derived in reasonable computation. Therefore, from here on, we refer to any
solution that stores 𝑜(∣𝐸∣) as compact multicast routing. We are also interested
in the total space consumption of a scheme, and desire to have 𝑜(𝑛 × ∣𝐸∣).
Contributions. Our contributions include the following.
1. A formulation of the compact multicast routing problem and its performance
measures.

2. A labeled multicast routing scheme whose memory requirement at each node
˜ 1/𝑘 ), uses labels of size 𝑂(𝑛
˜ 1/𝑘 ), employs headers of size 𝑂(𝑛
˜ 1/𝑘 ), whose
is 𝑂(𝑛
stretch is 4𝑘 − 2.
1+1/𝑘
˜
3. A name-independent multicast routing scheme whose total memory is 𝑂(𝑘𝑛
log 𝛥)
with stretch 𝑂(𝑘).
4. A name-independent multicast routing scheme for growth bounded networks
1/2+1/𝑘
˜
whose memory is 𝑂(𝑘𝑛
) per node with stretch 𝑂(𝑘).
5. A deﬁnition of the dynamic multicast routing problem, allowing destinations
to be added and removed incrementally to the multicast path.
6. A dynamic multicast scheme that adapts to online node joins with polylogarithmic memory per node and 𝑂(log2 𝑛) competitive ratio.
7. A dynamic multicast scheme that adapts to online node joins and leaves
with polylogarithmic memory per node and 𝑂(log3 𝑛) competitive ratio.
Related work. Our constructions uses building blocks from compact unicast
routing schemes. Among them we use: the labelled tree routing of Thorup &
Zwick [12] and Fraigniaud & Gavoille [6], the distance oracles of Thorup and
Zwick [12,13], the sparse partitions of Awerbuch and Peleg [4]. We details these
results in Section A.
The non-distributed dynamic multicast problem is related to the online steiner
tree problem [8,5] in which a similar join-only problem (without leave events) is
studied in a centralized model. In contrast our problem concerns a distributed
setting and requires nodes to leave the services at a competitive cost. Awerbuch,
Bartal and Fiat study the distributed ﬁle allocation problem [3]. The join-only
dynamic multicast problem can be viewed as a variation of their problem limited
to read only requests and serving each request by creating a copy at the reader.
In their setting, they achieve a 𝑂(log3 𝑛) competitive ratio, while our join-only
scheme achieves an 𝑂(log2 𝑛) ratio. Jia et al. [9] propose a single source universal scheme in which a single tree provides a 𝑂(log4 / log log 𝑛) competitive
steiner tree for any target set. Gupta et al. [7] claim to improve the bound to
𝑂(log2 𝑛). We use a construction based on [7] in our dynamic join-leave problem.
Our scheme implicitly builds a universal tree for every target in a non-trivial
manner while storing only a polylogarithmic number of bits per node. Moreover,
our resulting scheme is oblivious, the path from the source to a given target is
irrespective of the current set of other targets. We utilize this fact to eﬃciently
handle leave events.

2

Preliminaries

Let 𝐺 = (𝑉, 𝐸, 𝜔) be an undirected graph with 𝑛 = ∣𝑉 ∣ nodes and non-negative
weight function 𝜔 : 𝐸 → ℜ+ . For an edge set 𝑃 ⊆ 𝐸 let 𝐺(𝑃 ) be the subgraph of
𝐺 induced by the nodes in 𝑃 . Let the cost of an edge set be the sum of weights
of it edges, for a set of nodes 𝑆 ⊂ 𝑉 let 𝑑𝐺 (𝑆) be their Steiner tree cost, the cost
of the minimum cost edge set 𝑃 such that 𝑆 is connected in 𝐺(𝑃 ) (this must

be a tree). When 𝐺 is clear from the context we omit it from the notation and
write 𝑑(𝑆). When ∣𝑆∣ = 2, we write 𝑑(𝑢, 𝑣) as the cost of the minimal cost path
between 𝑢 and 𝑣. When 𝑆 = 𝑉 then 𝑑(𝑆) is the cost of a minimal cost spanning
tree on 𝐺. Let 𝛥 be the ratio between max 𝑑(𝑢, 𝑣) and min 𝑑(𝑢, 𝑣) (also called
the aspect ratio of 𝐺).
Consider a subset 𝐴 ⊆ 𝑉 of ‘target’ nodes, and an origin node 𝑠. We denote
by 𝑆 = {𝑠} ∪ 𝐴 the set containing both origin and target nodes. Let 𝑚 = ∣𝑆∣.
Our focus is on the following problems:
– Labeled compact multicast routing scheme. This consists of a labeling
of nodes and a routing function. The source gets a list of all targets and
needs to create a multicast tree.
– Name-independent compact multicast routing scheme. This consists
of a routing function. The source gets a list of all targets and needs to create
a multicast tree. In this model the names of the nodes are chosen arbitrarily
as a permutation of {1, . . . , 𝑛}.
– Dynamic compact multicast routing scheme. This consists of a labeling
of nodes and a routing function. The source gets an arbitrary sequence join
and leave events in an online manner. For each join event it receives the label
of the new target and it adds edges to the multicast to connect the target.
We measure the performance of a compact multicast scheme based on the following criteria:
Label size: The maximum number of bits of the label assigned to each node.
Header size: The maximum number of bits sent in a message header.
Total space: The total number of bits used used to store the routing tables.
Max space: The maximum number of bits used at any node to store its routing
table.
Stretch: The worst-case ratio, over all sets of destinations, of the sum of the
weights of edges used in multicasting to the destinations to the optimal such
tree.
In Section 6 we give additional competitive measures for the dynamic online
version of the problem.

3

Labeled Compact Multicast Routing

Our ﬁrst approach builds a multicast route using a Steiner-tree approximation
over an approximation of the graph induced by a distance labeling scheme.
Theorem 1. Let 𝐺 be a weighted, undirected graph. There is a compact multi˜ 1/𝑘 ),
cast routing scheme for 𝐺 whose memory requirement at each node is 𝑂(𝑛
1/𝑘
1/𝑘
˜
˜
uses labels of size 𝑂(𝑛
), employs headers of size 𝑂(𝑛
), whose stretch is
4𝑘 − 2.
The scheme makes use of the distance labels and handshake routing scheme of
Lemma 9.

Labeling. The labels of nodes and the routing tables are the ones induced by
Lemma 9, i.e., node 𝑣 is speciﬁed by its label TZlabel(𝑣).
Storage. Each node 𝑣 maintains the routing table information TZtable(𝑣) induced by Lemma 9.
Routing. For any two nodes 𝑢, 𝑣 let DO(𝑢, 𝑣) be the distance estimation induced
by the labels. Let 𝐻 be a weighted graph on nodes 𝑆 such that weights between
nodes 𝑢, 𝑣 ∈ 𝑆 is DO(𝑢, 𝑣). Let 𝑇 be a minimum cost tree on 𝐻 whose cost
is 𝑑𝐻 (𝑆). The source computes 𝑇 in 𝑂(𝑚2 ) time, and creates a header that
contains a current node (initially set to 𝑠) and the tree 𝑇 , where each node 𝑢 of
𝑇 is designated using its label TZlabel(𝑢).
A node 𝑢 that receives such a header does the following: If 𝑢 is the current
node of the header then it ﬁnds all the edges in 𝑇 that 𝑢 needs to send along.
For each such edge (TZlabel(𝑢), TZlabel(𝑣)), it creates a header with current
node 𝑣 and forwards it using the handshake routing mechanism and the header
information.
Otherwise, if 𝑢 is not the current node then using the handshake routing
scheme, 𝑢 forwards to the next hop towards the current destination.
Analysis. The storage and header sizes of the scheme are immediate from Lemma 9.
We prove the stretch below.
Lemma 1. The stretch of the multicast routing scheme above is 4𝑘 − 2
¯ be a weighted graph on 𝑆 such that weights between nodes 𝑢, 𝑣 ∈ 𝑆
Proof. Let 𝐻
¯ is a 2 approximation3
is 𝑑(𝑢, 𝑣). It is well known that minimum cost tree on 𝐻
of the cost of the steiner tree of 𝑆 on 𝐺, 𝑑𝐻¯ (𝑆) ≤ 2𝑑𝐺 (𝑆). Hence we only need
to show that 𝑑𝐻 (𝑆) ≤ (2𝑘 − 1)𝑑𝐻¯ (𝑆).
¯ whose cost is 𝑑𝐻¯ (𝑆). Using the fact that
Let 𝑇¯ be a minimum cost tree on 𝐻
𝑑𝐻 (𝑢, 𝑣) ≤ (2𝑘 − 1)𝑑𝐻¯ (𝑢, 𝑣) for any 𝑢, 𝑣, we have that the cost of the tree 𝑇¯ on
𝐻 is at most (2𝑘 − 1)𝑑𝐻¯ (𝑆). Since 𝑇 is a minimum cost tree on 𝐻 then its cost
is also at most (2𝑘 − 1)𝑑𝐻¯ (𝑆).
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Name-Independent Compact Multicast Schemes

The construction in the previous section may require labels of size 𝛺(𝑛1/𝑘 log 𝑛)
per node. In this section, we remove the use of labels. That is, we assume that an
origin 𝑠 is given the set of targets 𝐴 = {𝑡1 , . . . , 𝑡𝑚 } using their original network
names (for example, taken out of {1, . . . , 𝑛}. Hence, this solution variant is called
name-independent. As a consequence of name-independence, we also avoid the
3

There exist better approximations (e.g., see [11]), which may shave oﬀ a factor of
almost two from our scheme. However, our stress in this exposition is on clarity,
rather than optimal constants.

need to carry around lengthy labels in packet headers. Headers in our name˜
independent schemes below are of size proportional to the target list, 𝑂(𝑚).
We remark that a trivial compact name independent multicast scheme can
be derived by requiring each node to maintain the distance oracle of Lemma 9.
Then employ it to map the set of unlabeled destination into a labeled set, and
use the labeled scheme of Section 3 above. The memory requirement at each
˜ 1+1/𝑘 ). Although this is indeed a compact solution (compared with
node is 𝑂(𝑛
˜
𝑂(∣𝑉 ∣+∣𝐸∣) memory per node), the memory at every node is super-linear, which
might be prohibitive for large networks. We can bring down the total memory
consumption by storing information selectively at key points in the network, and
looking it up when needed.
Theorem 2. Let 𝐺 be a weighted, undirected graph with aspect ratio 𝛥. There is
a name-independent compact multicast routing scheme for 𝐺 whose total memory
1+1/𝑘
˜
˜
requirement is 𝑂(𝑘𝑛
log 𝛥), uses the original network labels (of size 𝑂(1)),
˜
employs headers of size 𝑂(𝑚), whose stretch is 20𝑘 − 10.
The rest of this section is devoted to the proof of Theorem 2. We use the
sparse partitions building block given in Theorem 10: Let 𝐼 = {0, 1, 2, . . . , ⌈log 𝛥⌉}.
The bundle ℬ𝑘 consists for 𝑖 ∈ 𝐼 of 𝒯𝒞 𝑘,2𝑖 (𝐺), a sparse cover of radius 2𝑖 with
parameter 𝑘.
For every 𝑇 ∈ 𝒯𝒞 𝑘,2𝑖 (𝐺), denote by 𝑐(𝑇 ) its center node (the center is the
seed node from which the cluster was grown). For any node 𝑣 and index 𝑖 ∈ 𝐼,
denote by 𝑇𝑖 (𝑣) the tree in 𝒯𝒞 𝑘,2𝑖 (𝐺) that contains 𝐵(𝑣, 2𝑖 ).
Storage.
1. Each 𝑣 ∈ 𝑉 stores TZlabel(𝑐(𝑇𝑖 (𝑣))) for all 𝑖 ∈ 𝐼, where TZlabel(⋅) is given
by Lemma 9.
2. Each 𝑣 ∈ 𝑉 stores the routing table information TZtable(𝑣).
3. For each 𝑖 ∈ 𝐼 and 𝑇 ∈ 𝒯𝒞 𝑘,2𝑖 (𝐺), node 𝑐(𝑇 ) stores the mapping 𝑣 −→
TZlabel(𝑣), from node names to labels, for each node 𝑣 ∈ 𝑇 .
1+1/𝑘
˜
Lemma 2. The total storage used by all nodes is 𝑂(𝑘𝑛
) bits.

Proof. By Lemma 10, for every 𝑖 ∈ 𝐼, every node 𝑣 belongs to at most 2𝑘𝑛1/𝑘
˜ 1/𝑘 ).
cover-sets of 𝒯𝒞 𝑘,2𝑖 (𝐺). According to Lemma 9, a label label(𝑣) has size 𝑂(𝑛
Therefore, the total memory used for label-maps by all 𝑐(𝑇 ), where 𝑇 ∈ 𝒯𝒞 𝑘,2𝑖 (𝐺)
is at most 𝑛 ⋅ 2𝑘𝑛1/𝑘 ⋅ 𝑂(𝑛1/𝑘 ) = 𝑂(𝑘𝑛1+1/𝑘 ). The total memory over all ∣𝐼∣
radii is 𝑂(𝑘𝑛1+1/𝑘 log 𝛥). In addition, each node 𝑣 stores 𝑂(log 𝛥) labels of size
1/𝑘
1+1/𝑘
˜
˜
𝑂(𝑘𝑛
) each. The total memory consumption of 𝑂(𝑘𝑛
) bits.
Routing. We need to devise a strategy for an origin 𝑠 to obtain the labels of the
multicast targets without going too far. This is achieved as follows.

Observe that 𝑐 = 𝑐(𝑇𝑖 (𝑠)) is at distance at most 𝑘2𝑖 from 𝑠, and 𝑐 stores
label mappings for all 𝑣 ∈ 𝐵(𝑠, 2𝑖 ). Therefore, with cost 𝑂(𝑘2𝑖 ), 𝑠 can send 𝑆
to 𝑐(𝑇𝑖 (𝑠)), and let 𝑐(𝑇𝑖 (𝑠)) compute the required multicast route. By repeatedly trying for increasing distances 2𝑖 , 𝑠 can ﬁnd the appropriate 𝑐(𝑇𝑖 (𝑠)) at a
competitive cost.
The multicast strategy is as follows. Node 𝑠 iteratively sends a request for
help containing the target list 𝑆 to nodes 𝑐(𝑇𝑖 (𝑠)) for 𝑖 ∈ 𝐼, until it reaches a
node 𝑐 = 𝑐(𝑇𝑖 (𝑠)) such that 𝑐 stores the labels of every node in 𝑆. Then node 𝑐
computes the header as in Theorem 1.
Lemma 3. The stretch of the multicast routing scheme is 20𝑘 − 10.
Proof. Let 𝑗 be the index such that 2𝑗−1 < max𝑎∈𝐴 𝑑(𝑠, 𝑎) ≤ 2𝑗 . Then clearly
𝑆 ⊆ 𝑇𝑗 (𝑠) and 2𝑗 < 2𝑑(𝑆). Since the radius of a level 2𝑖 cover is (2𝑘 − 1)2𝑖 then
the cost of going from 𝑠 to 𝑇𝑖 (𝑠) and back is at most 2(2𝑘 − 1)2𝑖 . And the total
cost to reach 𝑇𝑗 (𝑠) is
∑
2(2𝑘 − 1)2𝑖 ≤ 4(2𝑘 − 1)2𝑗 ≤ 8(2𝑘 − 1)𝑑(𝑆)
1≤𝑖≤𝑗

In addition, the cost of the multicast scheme of Theorem 1 is at most (4𝑘−2)𝑑(𝑆).

5

Balanced Name Independent Compact Multicast
Routing for Growth Bounded Networks

In this section we provide a balanced scheme for growth bounded networks.
Formally, for a node 𝑣 ∈ 𝑉 and 𝑖 ∈ ℕ let 𝑁𝑣 (𝑖) denote the 𝑖 closest nodes to 𝑣
with ties broken by lexicographical order.
We assume the network is 𝛿-growth bounded, for 𝛿 ≥ 2, such that
diam(𝑁𝑣 (2𝑖)) ≥ 𝛿 ⋅ diam(𝑁𝑣 (𝑖)) .
The Single Source Directory Scheme (SSD)
We begin by building a single source directory (SSD) scheme. For a network of
˜ 1/2+1/𝑘 )
𝑛 nodes and a parameter 𝑘, the scheme requires each node to store 𝑂(𝑛
bit of storage. The scheme allows a ﬁxed source 𝑐 to ﬁnd all the labels of a set
𝐴 of target nodes with cost that is proportional to the farthest node in 𝐴 from
𝑐. The result is stated in the following lemma:
Lemma 4 (Single-Source Directory (SSD)). Let 𝐹 = (𝑉, 𝐸, 𝜔) be a weighted
graph, ∣𝑉 ∣ = 𝑛, 𝑐 ∈ 𝑉 a given source node. There exists a multi-node lookup
scheme as follows.
– Given a set of target nodes 𝐴 ⊆ 𝑉 , the source 𝑐 can ﬁnd the labels TZlabel(𝑎)
of all nodes 𝑎 ∈ 𝐴, where TZlabel(𝑎) is determined as in Lemma 9.
1/2+1/𝑘
˜
– The scheme requires each node to store 𝑂(𝑘𝑛
) bits.
– The length of the path used for ﬁnding the labels in 𝐴 is at most 4 max𝑎∈𝐴 𝑑(𝑐, 𝑎).

√
SSD Storage. Let 𝑐 be the source node. Let 𝛤 = 𝑛. Enumerate the nodes
in 𝑁𝑐 (𝛤 ) arbitrarily 𝑤1 , 𝑤2 , . . . , 𝑤𝛤 . For any integer 𝑖 < log 𝛤 let the nodes
(𝑖+1)
𝑤2𝑖 , 𝑤2𝑖 +1 , . . . , 𝑤2𝑖+1 −1 store
)∖𝑁𝑐 (𝛤 2𝑖 ).
√ the labels of all the nodes in (𝑁𝑐 (𝛤 2
0
Note that each
√ 𝑤𝑗 stores 𝑛 labels. Node 𝑐 itself stores the labels of 𝑁𝑐 (𝛤 2 ),
i.e., of the 𝑛 nodes closest to it.
SSD Lookup. It is left to show how to obtain the labels of targets with a competitive cost. This is done as follows.
1. If 𝐴 ⊆ 𝑁𝑐 (𝛤 ), then 𝑐 has all the labels already.
2. Otherwise, set 𝑖 = 0, and set 𝐴0 = 𝐴 ∖ (𝐴 ∩ 𝑁𝑐 (𝛤 )). That is, 𝐴0 contains
the remaining targets for which 𝑐 does not have labels yet. Repeat for 𝑖 =
0, 1, 2, . . . , until 𝐴𝑖 is empty:
– Node 𝑐 queries from 𝑤2𝑖 , 𝑤2𝑖 +1 , . . . , 𝑤2𝑖+1 −1 the labels of any target
nodes in 𝐴𝑖 . Note that in response, 𝑐 should obtain the labels of all
nodes in 𝐴𝑖 ∩ 𝑁𝑐 (𝛤 2𝑖+1 ).
– Then set 𝐴𝑖+1 = 𝐴𝑖 ∖ 𝑁𝑐 (𝛤 2𝑖+1 ), set 𝑖 = 𝑖 + 1, and repeat.
SSD Analysis.
Proof (Proof of Lemma 4). let 𝑑 = diam(𝑁𝑐 (𝛤 )). An invariant maintained in
the algorithm is as follows. At step 𝑖, there is a target 𝑎 ∈ (𝐴 ∖ 𝑁𝑐 (𝛤 2𝑖 ). Hence,
if step 𝑖 is reached, there is a target 𝑎 ∈ 𝐴𝑖 whose distance from 𝑐 is at least
diam(𝑁𝑐 (𝛤 2𝑖 )). By the growth bound,
diam(𝑁𝑐 (𝛤 2𝑖 )) ≥ 2𝑖 𝑑 .
Therefore, max𝑎∈𝐴 𝑑(𝑐, 𝑎) ≥ 2𝑖 𝑑. The total
∑ cost of steps 𝑗 = 1, . . . , 𝑖 is a
geometric series, whose sum is bounded by 𝑗=0..𝑖 2 × 2𝑗 ≤ 4 × 2𝑖 . This yields
that the total distance of lookups is at most 4 max𝑎∈𝐴 𝑑(𝑐, 𝑎).
The Full Scheme
As in the un-balanced name-independent multicast scheme of Section 4, we make
use of sparse partitions as given in Theorem 10.
Storage.
1. Each 𝑣 ∈ 𝑉 stores TZlabel(𝑐(𝑇𝑖 (𝑣))) for all 𝑖 ∈ 𝐼.
2. Each 𝑣 ∈ 𝑉 stores the routing table information TZtable(𝑣).
3. For each 𝑖 ∈ 𝐼 and 𝑇 ∈ 𝒯𝒞 𝑘,2𝑖 (𝐺), employ the scheme of Lemma 4 with 𝑇
the graph, and 𝑐(𝑇 ) the source node. (Recall that this allows 𝑐(𝑇 ) to look
up the labels TZlabel(𝑎) of any set of targets 𝐴, such that 𝑎 ∈ 𝐴, with cost
at most 4diam(𝑇 ).
1/2+1/𝑘
˜
Lemma 5. The total storage used by any node is 𝑂(𝑘𝑛
).

Routing. Given a set of targets 𝐴, 𝑠 computes a Steiner graph spanning 𝐴 in
two steps: First, it obtains the labels of all the nodes in 𝐴; then it computes an
approximate Steiner graph as in the labeled scheme of Section 3.
We need to devise a strategy for an origin 𝑠 to obtain the labels of the
multicast targets without going too far. This is achieved as follows.
Observe that 𝑐 = 𝑐(𝑇𝑖 (𝑠)) is at distance at most (2𝑘 − 1)2𝑖 from 𝑠. By
Lemma 4, from origin 𝑐 a lookup of label mappings for all 𝑣 ∈ 𝐵(𝑠, 2𝑖 ) has a cost
bounded by 4 × (2𝑘 − 1)2𝑖 . Therefore, with cost 𝑂(𝑘2𝑖 ), 𝑠 can send 𝐴 to 𝑐(𝑇𝑖 (𝑠)),
and let 𝑐(𝑇𝑖 (𝑠)) return the required labels. By repeatedly trying for increasing
distances 2𝑖 , 𝑠 can ﬁnd the appropriate 𝑐(𝑇𝑖 (𝑠)) at a competitive cost.
The multicast strategy is as follows. Node 𝑠 iteratively sends a request for
help containing the target list 𝐴 to nodes 𝑐(𝑇𝑖 (𝑠)) for 𝑖 ∈ 𝐼, until it reaches a
node 𝑐 = 𝑐(𝑇𝑖 (𝑠)) such that 𝑐 can ﬁnd the labels of every node in 𝐴. Then node
𝑐 computes the header as in Theorem 1.
Lemma 6. The stretch of the multicast routing scheme is 36𝑘 − 18.
Proof. Let 𝑗 be the index such that 2𝑗−1 < max𝑎∈𝐴 𝑑(𝑠, 𝑎) ≤ 2𝑗 . Then clearly
𝑆 ⊆ 𝑇𝑗 (𝑠) and 2𝑗 < 2𝑑(𝑆). For every 𝑖 ≤ 𝑗, since the radius of a level 2𝑖
cover is (2𝑘 − 1)2𝑖 then the cost of going from 𝑠 to 𝑐(𝑇𝑖 (𝑠)) and back is at
most 2(2𝑘 − 1)2𝑖 . The cost of searching for label mappings in 𝑇𝑖 (𝑠) is bounded
according to Lemma 4 by 2(2𝑘 − 1)2𝑖 . Hence, the total cost to collect all required
label mappings is:
∑
4(2𝑘 − 1)2𝑖 ≤ 8(2𝑘 − 1)2𝑗 ≤ 16(2𝑘 − 1)𝑑(𝑆)
1≤𝑖≤𝑗

Finally, the cost of the Steiner tree computed using these labels is bounded
according to Lemma 1 by an additional (4𝑘 − 2)𝑑(𝑆).
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Dynamic Compact Multicast Routing Schemes

A weakness of all the solutions above is that the multicast dissemination path
must be re-computed each time a target wants to join or eave the multicast
service. In a highly dynamic setting in which the multicast set is constantly
changing rebuilding the multicast tree from scratch after each change may be
unacceptable.
Consider a source node 𝑠 and a sequence of node join and node leave events.
In such a dynamic setting there are two measures one would like to minimize.
The ﬁrst is the communication-cost, namely, the total cost of the edges used
during the algorithm while building the multicast trees of the various stages.
The second is the multicast-cost, which for each stage is the cost of the current
multicast tree.
We now explain why communication-cost alone does not suﬃce to bound the
cost of a multicast scheme. In order to understand this, consider a simple-path

graph 𝑠 = 𝑣1 − 𝑣2 − ... − 𝑣𝑛 , and suppose that the sequence of joins/leaves is
the following: join(𝑣𝑛 ), join(𝑣𝑛−1 ), ..., join(𝑣2 ), join(𝑣1 ), leave(𝑣𝑛 ), leave(𝑣𝑛−1 ),
..., leave(𝑣2 ). If we consider only the total communication cost, we need not ever
remove edges from the multicast path, which is the whole graph in this case.
In the end, we may be left with a very ineﬃcient multicast graph containing 𝑣1
and 𝑣2 , but the communication cost measure does not capture this. Therefore,
we must also consider the eﬃciency of the current multicast path at every step,
which is precisely captured by multicast-cost.
In order to formally bound theses measures, we make use of online analysis.
Speciﬁcally we compare both costs to an optimal oﬀ-line algorithm. The oﬀ-line
algorithm knows the sequence of joins/leaves in advance, and has no extraneous
communication cost in setting up the multicast overlay. The communication-cost
for the online algorithm is therefore the total cost of edges used for the optimal
Steiner trees at diﬀerent steps.
An on-line algorithm is (𝛼, 𝛽) competitive for the dynamic multicast problem
if for any source and for any sequence of join/leave events the total cost of the
set of edges used is at most 𝛼 times that of the total cost of the set of edges used
by the optimal algorithm and at each stage the cost of the current multicast tree
is at most 𝛽 times that of the cost of the current optimal algorithm.
Let 𝐴 be the set of all nodes that joined during a sequence. Then any algorithm must pay at least 𝑑(𝐴 ∪ {𝑠}) for communication-cost, and if 𝐴′ is the
current set of nodes of a given stage then any algorithm must pay 𝑑(𝐴′ ∪ {𝑠})
multicast-cost for this stage.
In this extended abstract we handle the labeled variant of this problem in
which nodes are labeled and the sequence of join/leave events are given in an
online manner to the source. In the full paper we will show how to extend these
ideas for a name-independent variant of the problem.
We begin by presenting our ﬁrst scheme that only allows join events to the
multicast service over time (but no leave events). We prove it is (𝑂(log2 𝑛), 𝑂(log2 𝑛))
competitive. This may be appropriate in settings where once a node joins a multicast service it will not leave until the multicast is complete. Our second scheme
handles both join and leave events at a cost of a being (𝑂(log3 ), 𝑂(log3 )) competitive.
6.1

Dynamic compact multicast routing schemes for join-only
events

Assume the sequence of node joins is 𝐴 = {𝑎1 , 𝑎2 , . . . }. The scheme employs a
bundle ℬ𝑘 = {𝒯𝒞 𝑘,2𝑖 (𝐺) ∣ 𝑖 ∈ 𝐼} of Sparse Covers of Lemma 10 with 𝑘 = log 𝑛.
For a node 𝑣, denote by ℬ(𝑣) the set of all covers 𝑇 in the bundle ℬ𝑘 such that
𝑣 ∈ 𝑇.
Labelling. The label SPlabel(𝑣) stores the label 𝜆(𝑇, 𝑐(𝑇 )) given by Lemma 9
for each 𝑇 ∈ ℬ(𝑣). Note that the label size is 𝑂(log3 𝑛 log 𝛥/ log log 𝑛).

Storage. Each node 𝑣 stores tree routing information 𝜇(𝑇, 𝑣) for all the trees in
its own label SPlabel(𝑣) (recall that SPlabel(𝑣) consists of 𝜆(𝑇, 𝑐(𝑇 )) for every
tree-cover 𝑇 ∈ ℬ containing 𝑣). The total storage is 𝑂(log3 𝑛 log 𝛥/ log log 𝑛).
Multicast-graph Construction. The construction of the multicast graph is done
in steps. At step 𝑗, node 𝑎𝑗 is brought into the multicast graph. This entails
informing all relevant nodes in the graph who should become their new neighbors.
For convenience, we denote by 𝐴𝑗 = {𝑠, 𝑎1 , . . . , 𝑎𝑗 }. The key is to maintain
for each 𝑖 ∈ 𝐼 a set 𝑈𝑖 ⊂ 𝐴𝑗 such that if 𝑢, 𝑣 ∈ 𝑈𝑖 then 𝑑(𝑢, 𝑣) ≥ 2𝑖 and for any
𝑣 ∈ 𝐴𝑗 there exists 𝑢 ∈ 𝑈𝑖 such that 𝑇𝑖 (𝑢) ∈ ℬ(𝑣).
Initially 𝑈𝑖 = {𝑠} for all 𝑖 ∈ 𝐼. Given a new node 𝑎 with label SPlabel(𝑎),
let 𝑖∗ be the maximal index 𝑖 such that ℬ(𝑎) ∩ {𝑇𝑖 (𝑢) ∣ 𝑢 ∈ 𝑈𝑖 } = ∅ then we
connect 𝑎 to the existing multicast tree by a route from 𝑎 to 𝑐(𝑇𝑖∗ +1 (𝑢)) and
from 𝑐(𝑇𝑖∗ +1 (𝑢)) to 𝑢 where 𝑢 ∈ 𝑈𝑖∗ +1 and 𝑇𝑖∗ +1 (𝑢) ∈ ℬ(𝑎). We update the sets
by adding 𝑎 to 𝑈𝑖 for all 𝑖 ∈ {0, 1, 2, . . . , 𝑖∗ }. Note that it suﬃces for 𝑠 to store
the tuple (𝑢, 𝑐(𝑇𝑖∗ +1 (𝑢)), TZlabel(𝑇𝑖∗ +1 (𝑢), 𝑎)) for the multicast route to be able
to reach 𝑎.
Analysis. It is immediate to see that for each 𝑖 ∈ 𝐼 the set 𝑈𝑖 maintains the
property that for any 𝑣 ∈ 𝐴𝑗 there exists 𝑢 ∈ 𝑈𝑖 such that 𝑇𝑖 (𝑢) ∈ ℬ(𝑣). To see
that if 𝑢, 𝑣 ∈ 𝑈𝑖 then 𝑑(𝑢, 𝑣) ≥ 2𝑖 note that if 𝑑(𝑎, 𝑢) < 2𝑖 for some 𝑢 ∈ 𝑈𝑖 then
it must be that 𝑎 ∈ 𝑇𝑖 (𝑢) so 𝑇𝑖 (𝑢) ∈ ℬ(𝑎) and thus 𝑎 will not be added to 𝑈𝑖 .
Since the model allows only join events the communication cost and the
multicast cost are both bounded by the cost of the Steiner tree on the set of
current nodes.
Lemma 7. The dynamic multicast algorithm for joins is 𝑂(min{log 𝑛, log 𝛥} log 𝑛)
competitive both in communication cost and in multicast cost.
Proof. In the case of joins only, the communication cost and multicast cost of
the oﬀ-line algorithm are the same, namely, the cost of optimal Steiner tree of
all targets. For each 𝑖 ∈ 𝐼 for which ∣𝑈𝑖 ∣ > 1 any algorithm must pay at least
∣𝑈𝑖 ∣2𝑖−1 since the balls of radius 2𝑖−1 around members of 𝑈𝑖 are disjoint. On the
other hand our algorithm pays at most ∣𝑈𝑖 ∣2𝑖 ⋅ 2 log 𝑛 ⋅ 2 for connecting nodes in
𝑈𝑖 .
Let 𝑑 be the diameter of 𝐴 then for each 𝑖 ≤ log 𝑑 ∈ 𝐼 we pay at most 4 log 𝑛
times the optimal. If log 𝛥 is large we note that it is actually enough to look at
the 4 log 𝑛 levels {log 𝑑, log 𝑑 − 1, . . . , log 𝑑 − 4 log 𝑛}, as the cost of all the edges
of the lower levels will add only a constant factor to the overall cost.
6.2

Fully dynamic compact multicast routing scheme

Consider a ﬁnite sequence of node join and node leave events. For each stage 𝑗
let 𝐴𝑗 be the current set of multicast targets. Note that at each stage either one
node joins or one node leaves, so ∣𝐴𝑗+1 ⊖ 𝐴𝑗 ∣ = 1 (where 𝑋 ⊖ 𝑌 is the set of all

nodes 𝑥 such that either 𝑥 ∈ 𝑋 or 𝑥 ∈ 𝑌 but not both). Let 𝐴 be the set of all
nodes that joined the multicast service.
Recall the following deﬁnition from Gupta et al. [7].
Deﬁnition 1 (𝛼-padded nodes). Given a hierarchical decomposition 𝑃 =
(𝑃𝑖 )ℎ𝑖=0 , a node 𝑣 ∈ 𝑉 is 𝛼-padded in 𝑃 if for all 𝑖 ∈ [0, ℎ], the ball 𝐵(𝑣, 𝛼2𝑖 ) is
contained in some cluster of 𝑃𝑖 .
We use the Theorem 2.2 of Gupta et al. [7] to get a set of 𝑂(log 𝑛) hierarchical decompositions 𝒫 such that for node 𝑢 there exists 𝑃 ∈ 𝒫 such that 𝑢 is
𝛺(1/ log 𝑛)-padded in 𝑃 . We denote the decomposition by 𝑃 (𝑢) . If there exists
several such 𝑃 ∈ 𝒫 then deﬁne 𝑃 (𝑢) as the lexicographically ﬁrst.
Recall that a hierarchical decomposition 𝑃 induces a dominating tree 𝑇 (𝑃 )
simply by associating each cluster with the center node of the cluster and the
edge between a cluster and its parent cluster is simply the shortest path between
the two cluster’s centers. Routing on such a dominating tree can be done using
Lemma 8 for deciding which “tree-edge” to take. Each tree edge between a node
𝑢 ∈ 𝑇 that corresponds to a cluster in 𝑃𝑖 and a node 𝑣 ∈ 𝑇 that corresponds
to a cluster in 𝑃𝑖+1 induces a path in the graph that is part of a shortest path
tree emanating from 𝑣 and spanning all the nodes corresponding to the cluster
in 𝑃𝑖+1 . Hence we use Lemma 8 again for routing on the shortest path in 𝐺 from
𝑢 to 𝑣.
A major property of the construction of the multicast graph is that it is
oblivious. The path from the source to a given target is irrespective of the current
set of other targets.
The path of a target 𝑎 is simply the path induced on 𝐺 by the path on the
tree 𝑇 (𝑃 (𝑎) ) from 𝑎 to the source. Note that it is possible to route along this
path using Lemma 8 while routing on a shortest path from each node in the
sequence to its neighbor in the sequence.
Due to obliviousness, when other nodes join and leave the multicast service
this does not eﬀect the path taken to 𝑎. When 𝑎 leaves the source simply stops
sending along the edges that are not required any more. This can be implemented
by maintaining a simple reference counter on the edges.
Analysis. For any hierarchical decomposition 𝑃 and scale 𝑖, let 𝑋𝑃,𝑖 be a 2𝑖−6 / log 𝑛net of the nodes (𝐴∪{𝑠})∩𝑃𝑖 (an 𝑟-net is a maximal set of nodes whose distance
from each other is at least 𝑟). For any 𝑃 and 𝑖, even the optimal oﬄine solution must pay ∣𝑋𝑃𝑖 ∣2𝑖−7 / log 𝑛. We will now show that the total cost of edges
between clusters of 𝑃𝑖+1 to clusters of 𝑃𝑖+2 is at most ∣𝑋𝑃,𝑖 ∣2𝑖+3 . Summing over
all log 𝛥 scales and all 𝑂(log 𝑛) trees (each tree is induced by a hierarchical
decomposition 𝑃 ∈ 𝒫) gives a competitive ratio of 𝑂(log2 𝑛 min{log 𝛥, log 𝑛}).
To see that the total cost of edges between the centers of clusters of 𝑃𝑖+1 to
centers of clusters of 𝑃𝑖+2 is at most ∣𝑋𝑃,𝑖 ∣2𝑖+3 , consider any 𝑎 ∈ 𝐴 that uses 𝑃
to reach the souse (hence 𝑃 (𝑎) = 𝑃 ). By deﬁnition there exists 𝑥 ∈ 𝑋𝑃,𝑖 such
that 𝑑(𝑥, 𝑎) ≤ 2𝑖−6 / log 𝑛. Let 𝐶(𝑥) be the cluster in 𝑃𝑖+1 that contains 𝑥. Since

𝑥 is fully padded then 𝑎 ∈ 𝐶(𝑥). Hence the path from 𝑎 to 𝑠 and the path from
𝑥 to 𝑠 both meet at the center of 𝐶(𝑥) so the total cost of the path from the
center of 𝐶(𝑥) to its parent cluster center in 𝑃𝑖+2 for all 𝑎 ∈ 𝐶(𝑥) is at most
2𝑖+3 .
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Conclusions

We have initiated the study of distributed compact multicast routing schemes.
No lower bounds are known (other than the known ones for unicast routing).
It is an interesting open question to ﬁnd the optimal trade-oﬀs between storage
and space for the various problems considered in this paper.
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A

Building Blocks

Our schemes make use of several graph partitioning and routing techniques. For
clarity, we group them in this section.
Labelled tree routing of Thorup & Zwick [12] and Fraigniaud & Gavoille [6]:
Lemma 8. [6,12] For every weighted tree 𝑇 with 𝑛 nodes there exists a labeled
routing scheme that, given any destination label, routes optimally on 𝑇 from
any source to the destination. The storage per node in 𝑇 , the label size, and the
header size are 𝑂(log2 𝑛/ log log 𝑛) bits. Given the information of a node and the
label of the destination, routing decisions take constant time.
For a tree 𝑇 containing a node 𝑣, we let 𝜇(𝑇, 𝑣) denote the routing information
of node 𝑣 and 𝜆(𝑇, 𝑣) denote the destination label of 𝑣 in 𝑇 as required from
Lemma 8.
Distance oracles of Thorup and Zwick [12,13]:
We use their distance labels, handshake routing scheme and distance oracles.
The following are simple variations of their results.
Lemma 9 ([12](3.4),(3,1), [13](4.1)). Let 𝐺 be a weighted graph with aspect
ratio 𝛥. Let 1 ≤ 𝑘 ≤ log 𝑛 be an integer.
1. It is possible to assign to each point 𝑣 ∈ 𝑉 an 𝑂(𝑛1/𝑘 log1−1/𝑘 𝑛 log(𝑛𝛥))bit label, denoted TZlabel(𝑣), such that given TZlabel(𝑢) and TZlabel(𝑣),
for any two points 𝑢, 𝑣 ∈ 𝑉 , it is possible to compute, in 𝑂(𝑘) time, an
approximation to the distance 𝑑(𝑢, 𝑣) with stretch of at most 2𝑘 − 1.
1/𝑘
˜
2. It is possible to assign each node a 𝑂(𝑘𝑛
) bit routing table, denoted
TZtable(𝑣), such that given TZlabel(𝑣) any source 𝑢 can extract 𝑜(log2 ) bits
and use them as a header to route from the source to 𝑢 with cost that equals
the cost of the distance estimation obtained by TZlabel(𝑢) and TZlabel(𝑣)
via item (1).

3. It is possible to create a data structure with size 𝑂(𝑘𝑛1/𝑘 log(𝑛𝛥)) bits, such
that distance queries can be answered with the same cost of the distance
estimation of item (1). Given TZlabel(𝑢) and TZlabel(𝑣) it is possible to
extract 𝑜(log2 𝑛) bits such that routing from source to target will also have
the same cost.
Sparse partitions of Awerbuch and Peleg [4]:
Lemma 10. [4] For every weighted graph 𝐺 = (𝑉, 𝐸, 𝜔), ∣𝑉 ∣ = 𝑛 and integers
𝑘, 𝜌 ≥ 1, there exists a polynomial algorithm that constructs a collection of rooted
trees 𝒯𝒞 𝑘,𝜌 (𝐺) such that:
1. (Cover) For all 𝑣 ∈ 𝑉 , there exists 𝑇 ∈ 𝒯𝒞 𝑘,𝜌 (𝐺) such that 𝐵(𝑣, 𝜌) ⊆ 𝑇 .
2. (Sparse) For all 𝑣 ∈ 𝑉 , ∣{𝑇 ∈ 𝒯𝒞 𝑘,𝜌 (𝐺) ∣ 𝑣 ∈ 𝑇 }∣ ≤ 2𝑘𝑛1/𝑘 .
3. (Small radius) For all 𝑇 ∈ 𝒯𝒞 𝑘,𝜌 (𝐺), there is a root node 𝑟 ∈ 𝑇 such that
rad(𝑇 ) ≤ (2𝑘 − 1)𝜌, where rad(𝑇 ) = max𝑢 {𝑑𝑇 (𝑟, 𝑢)}.
Denote by 𝐼 = {0, 1, . . . , ⌈log 𝛥(𝐺)⌉}. Usually, we make use of a bundle ℬ𝑘 =
{𝒯𝒞 𝑘,2𝑖 (𝐺) ∣ 𝑖 ∈ 𝐼} of covers and in some cases we make use of a bundle ℬ𝑘𝜎 =
{𝒯𝒞 𝑘,𝜎𝑖 (𝐺) ∣ 𝑖 ∈ {0, 1, . . . , log𝜎 𝛥(𝐺)}} .
For every 𝑇 ∈ 𝒯𝒞 𝑘,2𝑖 (𝐺), denote by 𝑐(𝑇 ) its center node (the center is the
seed node from which the cluster was grown). For any node 𝑣 and index 𝑖 ∈ 𝐼,
denote by 𝑇𝑖 (𝑣) the tree in 𝒯𝒞 𝑘,2𝑖 (𝐺) that contains 𝐵(𝑣, 2𝑖 ).

