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ABSTRACT

Keywords

We present a new distributed algorithm for the resource discovery problem introduced by Harchol-Balter, Leighton, and
Levin in PODC’99.
The resource discovery problem consists of a synchronous
network with n machines in which at any timestep any machine v can PUSH or PULL a message to/from any other
machine u whose (IP) address is known to v. Messages can
contain addresses which then change the “topology”. The
goal of a distributed resource discovery problem is to enable
all machines to learn the addresses of all other machines as
fast as possible while keeping the number of messages sent
low.
We present a randomized distributed algorithm that achieves
this goal in O(log D log log n) rounds using O(n) messages,
where D is the strong diameter of the initial topology. Up
to the log log n factor, our round complexity is best possible given the trivial Ω(log D) lower bound. For many typical networks with D = o(n), our running time is a drastic improvement over prior O(log n) round algorithms. In
particular, for networks with polylogarithmic diameter an
O(log2 log n) running time and thus an almost exponential
speedup is obtained.
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1.

INTRODUCTION

We give a new distributed algorithm for the classical
resource discovery problem introduced in [11] that features
drastically improved running time on typical networks while
maintaining an optimal message complexity.
Resource discovery is a basic task in distributed networks
that is concerned with informing all participants in a network about each other in a fast and communication efficient
way. It can be used as a coordination mechanism, e.g., in
networks with somewhat frequent joins and leaves, and often forms the first step for implementing further distributed
functionalities. As such, it has been intensely studied from
both a practical and theoretical perspective.

1.1

Formal Problem Definition

The mathematical definition as a distributed problem
goes back to the work of Harchol-Baler et al. [11] and arose
in the context of building a large-scale distributed cache for
their newly founded company Akamai:
Machines are abstracted as nodes in a directed graph
G = (V, E) with n nodes in which a directed edge (u, v) ∈ E
means that machine u knows (the IP address of) v and
can thus contact v. We write Γ(u) to denote set of nodes
that node u can contact. Communication proceeds in synchronous rounds in which each node u can PUSH or PULL
a message to/from any nodes in Γ(u). Each such operation
gets counted as one message. In a message a node can communicate any desired information but typically a node simply sends the set of IDs it knows and possibly some small
amount of control information, e.g., O(log n) bits. Once
a node has received a message containing addresses it can
contact the respective nodes in subsequent rounds and the
network graph G changes accordingly. This network model
has also been called the DIRECT ADDRESSING or DA
model [8].
The goal of distributed resource discovery algorithms in
the DA model is to guarantee that for a given initial network topology all nodes learn about each other as quickly
as possible without sending too many messages.

1.2

Prior Work on Resource Discovery

The trivial resource discovery algorithm in the DA model
is flooding. Flooding simply has every node forward its
knowledge to all nodes it knows about. It is easy to see that
this flooding algorithm terminates in log D + 1 time where
D is the (weak) diameter1 of the initial network topology
and that this running time bound is optimal. On the other
hand, the flooding algorithm has a horrible message complexity and sends up to Θ(n2 ) messages in a single round.
This is even true for sparse networks as they become dense
quickly.
The idea of Harchol-Balter et al. was to leverage randomization in achieving more communication efficient information dissemination. They introduced the NameDropper
gossip algorithm in which each node sends the addresses it
knows solely to a uniformly random contact. They proved
that O(log D log n) rounds each using n messages are sufficient for this algorithm to solve the resource discovery problem. Subsequently Law and Siu [18] gave a simple randomized resource discovery algorithm requiring O(log n) rounds
and Kutten, Peleg, and Vishkin [17] building on a connectivity algorithm of Shiloach and Vishkin [20] gave a deterministic algorithm that uses O(log n) rounds and sends only
O(n log n) messages in total.

1.3

Our Result

While these O(log n) running times match the trivial
Ω(log D) lower bound for networks with a linear (or polynomial) diameter, such networks are arguably not the setting
of interest. Indeed the networks topologies one would expect
to encounter in a resource discovery setting are typically well
connected and have a small, e.g., at most (poly-)logarithmic,
strong diameter2 . In those networks, the Ω(log D) lower
bound merely excludes the existence of sub-log-logarithmic
algorithm thus leaving open the question whether such exponentially faster algorithms are achievable. In this work
we answer this question in the affirmative by giving an algorithm that matches the Ω(log D) lower bound for the strong
diameter up to an O(log log n) factor:
Theorem 1. Suppose a network in the DA model with
n nodes and a strong diameter of D. There is a distributed
randomized algorithm that, with high probability, completes a
resource discovery in any such network in O(log D ·log log n)
rounds using a total of Θ(n) messages.
Remarks:
• Like all previous works we do not attempt to give any
formal failure model and prove robustness results for
our algorithm with respect to any permanent or temporary failure or interleaved join and leaves. This said,
we believe that the randomized GOSSIP nature of our
algorithm (similar to [11]) actually makes the algorithm quite robust at least to random failures or leaves
1
The weak diameter of a network is the smallest integer for
which every node has a path of length at most D to any
other node when directions of edges are ignored.
2
The strong diameter of a network is the smallest integer
for which every node has a directed path of length at most
D to any other node.

(which, e.g., are unlikely to specifically delete clustercenters). More over the (almost) exponentially faster
running time guarantee on typical networks compared
to prior approaches drastically reduces the timeframe
in which the network needs to be (sufficiently) stable
and allows the rebuilding process to be run more frequently.
• Like [18] but in contrast to [11, 17] we give running
time guarantees with respect to the strong diameter.
We postulate this diameter to be small for instances
of interest. We also remark that it is generally impossible to have GOSSIP algorithms that perform well
in graphs with low weak-diameter while having nodes
send at most c messages per round. In fact such algorithms cannot run in less than logc n = log n/ log c
rounds on the star-network in which one center node
knows about all other n nodes (but not vice versa) even
though this network has a weak diameter of 2. Thus
the only way to even achieve sub-logarithmic running
time in this network is to have a single node send at
least polynomially many messages in one round.

1.4

More Prior Work

In addition to the results of [11, 17, 18] on the resource
discovery problem (see Section 1.2) the techniques used in
our algorithm are also closely related to [8, 2]. These works
show that one can achieve sub-logarithmic running times for
the global broadcast problem if one considers a communication model that allows for DIRECT ADDRESSING and also
for contacting a random participating node in each round.
In √
particular, Avin and Elsässer[2] gave an algorithm with
O( log n) round complexity while Haeupler and Malkhi [9]
showed that even a Θ(log log n) running time is achievable
and optimal. These results can be interpreted as running
times of resource discovery algorithms on random topologies
in which each node has many directed links to independently
chosen nodes. Since such topologies have a logarithmic diameter Theorem 1 implies an O(log2 log n) running time for
this setting as well. The setting in this paper however is
significantly more involved because no randomness or even
expansion in the topology is assumed. The one (and only)
crucial idea we managed to carry over from [8] is to organize
nodes in clusters and try to achieve a doubly exponential
growing process by having clusters of size s reach out to
O(s) clusters for merging thus leading to s2 size clusters in
one step.
We also remark that there are many parallels between
this work and gossip algorithms for the LOCAL model [19],
which features a fixed undirected topology. There too the
resource discovery or global broadcast problem can be solved
via flooding in an optimal time complexity, which is O(D)
in the LOCAL model. This however requires up to Θ(n2 )
messages per round. Demers et al. [6] were the first to introduce randomized gossip algorithm to achieve fast and reliable information dissemination. Since then uniform gossip
has been shown to work well on complete graphs [12] and
random and expanding topologies [4, 7]. Similar to this
work more recent non-uniform gossip algorithms [3, 8] even
achieve O(D + poly log n) running times, which are close to
the trivial Ω(D) lower bound achieved by flooding albeit

while using only O(1) communication (instead of O(n)) per
node.
Beyond these works, owing to the high practical relevance of the topic, many works have studied variants of the
resource discovery problem. We mention [15, 1, 16] which
consider resource discovery in an asynchronous setting, [10,
13] which considers communication efficient resource discovery gossip with small messages and refer to [14] and the recent PhD thesis of Davtya [5] for a broader overview and
further references.

2.
2.1

RESOURCE DISCOVERY
Clusters

In this section we introduce clusters, a simple tool used
in this paper to achieve efficient exploration. Briefly, a cluster is a set of nodes that have a designated cluster-center
known to all nodes in the cluster. All nodes within a cluster
can exchange information via the center using only a constant number of rounds and messages per node. This allows
a cluster to act in a coordinated manner.
More precisely, a cluster is a set S of nodes, with each
node v ∈ S containing a variable f ollowv = `S set to the
address of the cluster leader. Initially all nodes form their
own cluster and have f ollow set to their own address. For
a node v, we denote its cluster by C(v) (or simply C when
clear from context).
Having a central leader which is known to all nodes in
a cluster allows a cluster to coordinate using only a constant number of communication rounds. In particular, in
one communication round followers may PUSH information
to the leader and thus have the leader collect inputs from
the entire cluster. In a second round, followers may PULL a
response from the leader. Throughout the rest of this paper
we implicitly assume that information is exchanged within
each cluster before external communication steps as needed.
This allows us to treat clusters as indivisible entities which
act as a unit and share full information, while omitting the
details concerning PUSHing and PULLing messages.
We furthermore use the following notation: For two clusters C1 , C2 , if there is an edge from a node v ∈ C1 to a node
w ∈ C2 we say that C2 is a cneighbor of C1 . Clusters generally do not know which clusters are cneighbors. For this
reason any cluster C maintains a set A(C) in which it keeps
track of clusters that it knows to be current cneighbors.
Remark:
A cluster can easily find out, using two cluster internal
PUSH/PULL rounds, which nodes Γ(C) the nodes in C are
connected to. However, it is much harder (or message intensive) to find out what its distinct cneighbors are, i.e., which
nodes in Γ(C) belong to the same cluster. In particular, as
clusters merge these clusterings change and it is generally
too message expensive to keep a complete list of cneighbors
updated. This is the reason for having A(C). It also means
that after every round of cluster merging the list A(C) becomes outdated and is thus set to be the empty set.

2.2

The Resource Discovery Algorithm

We next give a high level description of our algorithm:
The algorithm first calls the Initialization sub-routine
which reduces the number of clusters by a polylogarithmic
factor, bringing the average cluster size to s = logO(1) n.
This is done in Θ(log log n) rounds via a merging process
that guarantees singly exponential reduction process in the
number of clusters.
The main loop of the algorithm then employs iterations
with a doubly exponential growth progress by roughly squaring the average size s of a cluster in each iteration. For this,
each iteration begins with using the DiscoverCneighbors
routine to have clusters explore their neighborhood and discover at least d ≈ s cneighbors as potential merging partners.
Clusters that do not have enough cneighbors use InflateOutdegree to perform a local flooding procedure until
at least d clusters are reached. This requires at most log D
flooding steps and does not lead to a large message overhead
because only clusters with less then d cneighbors participate.
The SampleMerge routine then randomly sub-samples
roughly a 1/d ≈ 1/s fraction of clusters to be the new
cluster-centers and assigns each non-selected cluster to a
cluster center. With high probablity, the number of clusters is thus reduced roughly by factor s, which leads to a
new average cluster size of about s · d ≈ s2 .
This doubly exponential merging process is performed
for O(log log n) iterations until the average cluster size reaches
√
at least n log n. A final InflateOutdegree guarantees
that every cluster becomes aware of any other cluster. The
cluster centers then inform all their nodes about all other
nodes, which completes the resource discovery process.
Algorithm 1 Log-logarithmic resource discovery algorithm
1: Initialization(Θ(log log n))
2:  ← 1/2
3: s ← log2/ n
4: Clusters of size s0 > s split into ds0 /se clusters of size
between s/2 and s
5: repeat
. explore/expand neighbors to discover s1− cneighbors
6:
DiscoverCneighbors(s, 2/)
7:
d ← s1−
8:
InflateOutdegree(d)
. sample-merge phase to reduce number of clusters by
roughly 1/d
9:
SampleMerge(s, d)
10:
s ← Θ(s · d/ log n)
. Θ(s · d/ log n) = Ω(s2−1.5 )
11:
Clusters of size s0 > s split into ds0 /se clusters of size
between s/2 and s
12: until s ≥

√

n log n

. Θ(log log n) repetitions

√
13: InflateOutdegree( n) . all clusters become aware
of all clusters
14: Cluster centers inform all nodes in their cluster about
all other nodes

2.3

Analysis
Next we prove our main theorem:

Theorem 1 (repeated). Suppose a network in the DA model
with n nodes and a strong diameter of D. There is a distributed randomized algorithm that, with high probability,
completes a resource discovery in any such network in O(log D·
log log n) rounds using a total of Θ(n) messages.
The proof relies on the following guarantees about the
subroutines referenced in Algorithm 1. We give their statements here and provide their implementations and proofs in
subsequent subsections.
Lemma 2. Assume that there are at least Ω(log n) clusters before a call to Initialization. For every r, with high
probability, Initialization(r) reduces the number of clusters by a factor of c = eΘ(r) using O(r) rounds and Θ(n)
messages in total.
Lemma 3. Assume each cluster is of size at most s and
suppose that s ≥ log2 n. With high probability after a call
of DiscoverCneighbors(s, r) each cluster C knows either
all or at least |A(C)| ≥ Θ(s1−(2/r) ) distinct cneighbors. The
routine furthermore requires at most O(r) rounds with at
most O(rs1−(1/r) ) messages being sent by each cluster.
Lemma 4. Assume that each cluster has outgoing edges to
either to all of its cneighbors or to at least d of them. Assume
further that the underlying network has a strong diameter of
at most D. Then, at the end of InflateOutdegree(d) a
cluster C is aware of either all clusters or at least d cneighbors, i.e, |A(C)| ≥ d. Furthermore, only O(log D) rounds
and O(d · log D) messages per cluster are required.
Lemma 5. Assuming that at the beginning of
SampleMerge(d) every cluster C is aware of at least d ≥
log2 n cneighbors, i.e., |A(C)| ≥ d, then with high probability
SampleMerge(d) reduces the number of clusters by a factor of Θ(log n/d). Furthermore, only O(1) rounds and O(d)
messages per cluster are required.
Proof of Theorem 1. We first prove the correctness of
Algorithm 1. Initially each node forms its own cluster so
there are n clusters. Theorem 2 now guarantees that the
initialization step ends with at most n/ log2/ n = n/s clusters. The splitting of clusters of size larger than s leads to at
most n/s further clusters for a total of at most 2n/s clusters
each of size at most s.
We prove by induction that this guarantee of at most
2n/s clusters of size at most s holds whenever the beginning
or end of the main loop is reached.
In particular, Theorem 3 guarantees for all eps > 0,
that during DiscoverCneighbors(s, 2/) every cluster discovers at least d = s1− or all its cneighbors and Theorem 4 guarantees that after InflateOutdegree(d) every
node has at least d cneighbors in its A(C) set. Theorem 5
shows that SampleMerge(d) then reduces the number of
clusters by a Θ(log n/d) factor thus decreasing the number
s·d
of clusters to at most Θ(n/( log
)) or n/s after the paramn
eter s is updated. Splitting clusters larger than s again at
most doubles the number of clusters to 2n/s and leads to
clusters of size at most s as postulated.

Once the main loop terminates this leads to at most
√
√
2 n/ log n clusters. A final call to InflateOutdegree( n),
according to Theorem 4, then leads to all clusters being
aware of all other clusters which allows the cluster centers
to inform all nodes in their cluster about all other nodes.
The algorithm thus terminates correctly.
Next we analyze the number rounds and number of messages required for this process. Theorem 2 guarantees that
the initialization takes Θ(log log n) rounds and Θ(n) messages. For the main loop we claim that there are at most
4 log log n iterations of the main loop of Algorithm 1 and
that each such iteration uses only O(log D) rounds and at
most O(n/ log n) messages. The number of iterations follows
simply from the observation that each iteration increases s
to Θ(s2− / log n) ≥ Θ(s2− /s/2 ) = Θ(s2−1.5 ). Even for
 = 1/2 having i = 4 log log n iterations s would increase
i
log log n
s from log2 n to (log2 n)1.25 ≥ 22
= n which implies that the loop terminates after less than 4 log log n iterations. Regarding the number of messages and rounds,
Theorem 3 states that DiscoverCneighbors(s,2/) uses
at most O(2/s1−/2 ) messages for each of the 2n/s clusters for a total of at most O(n/s/2 ) = O(n/ log n) messages
per iteration. It also requires only O(1) rounds. Similarly,
SampleMerge(d) uses a total of 2n/s · ds = O(n/s ) =
O(n/ log2 n) messages and O(1) rounds.
Lastly, InflateOutdegree(d) uses
2n/s · d log D = O(n log n/s ) = O(n/ log n)
messages and log D rounds. This shows that the main loop
requires overall at most O(log D log log n) rounds and o(N )
messages.
To complete the analysis, note that the final call of
√
InflateOutdegree( n) also requires at most O(log D)
√
√
rounds and at most O(log D n)·2n/( n log n) = O(n) messages.

2.4

Initialization

The initialization sub-routine brings down the number
of clusters in a network by a polylogartihmic factor by having O(log log n) rounds in which a constant fraction of the
clusters merges.
In a round, the goal is to break symmetry into joiners and joinees, such that sufficiently many joiners merge
with joinees. In a full topology, it would suffice to flip
a coin to become joiner/joinee and then select a merging
partner at random; this would succeed for a constant fraction of the network. In general topologies this simple rule
does not work, because some nodes may be more important than others due to the graph structure. For example,
in a star graph, the center determines the success/failure of
all merging attempts. To address this, we first use a randomized neighbor-selection step which identifies important
nodes. After this step, every node which received more than
one neighbor-request chooses to be a joinee and immediately accept any joiner request. There will remain a group
of nodes which are neither joinees, nor have their requests
accepted already. The nice thing is that each one of these
nodes will be matched with at most one incoming neighbor
request and one outgoing request. Therefore, within this

set, flipping a coin to become joiner/joinee will succeed in
merging a constant fraction with high probability.
Algorithm 2 Initialization(r)
1: for r iterations do
2:
every cluster C picks one neighbor v ∈ Γ(C) and
sends a merge request C(v)
3:
if cluster received more than one merge request then
4:
retract your own merge request
. choose to
become joinee
5:
send all (non-retracted) incoming requests a joinee signal
6:
accept any (non-retracted) incoming requests
7:
end if
8:
with probability 1/2 retract your own merge request
9:
if did not receive a joinee signal then
10:
accept any (non-retracted) incoming request
11:
end if
12:
retract any merge requests that have not been accepted yet
13: end for

Lemma 2. Assume that there are at least Ω(log n) clusters before a call to Initialization. For every r, with high
probability, Initialization(r) reduces the number of clusters by a factor of c = eΘ(r) using O(r) rounds and Θ(n)
messages in total.
Proof. Suppose that the number of clusters before any of
the r iterations is N = Ω(log n). We prove that the iteration
reduces the number of clusters by a constant factor with
high probability. For this we consider the directed request
graph which indicates which cluster requested to be merged
with which other cluster. The merge requests guarantee that
every node has an out-degree of exactly one. Since there are
exactly N requests the number of nodes that retract their
request because of multiple received requests is at most N/2.
We want to show that at least a constant fraction of these
requests are accepted. Some are already accepted at Line 5
by the nodes that retracted their requests. If these make up
N/8 requests the claim is proved. If not then there are at
least N/4 remaining requests.
Since we resolved requests to nodes with an in-degree
larger than one we have the guarantee that these remaining
requests decompose into directed cycles and directed paths.
In these paths and cycles we break symmetries using randomization. In particular, any remaining edge has a probability of 1/4 of being accepted because with probability 1/2
it is not retracted by its requester and with an independent
probability of 1/2 it is accepted by the cluster that received
the request. Furthermore, due to the paths structure the
N/4 remaining requests contain at least N/8 requests that
are accepted independently. Out of these N/8 requests we
expect N/32 to be accepted and a standard Chernoff bound
shows that with high probability at least Θ(N ) will be accepted. This proves that every iteration leads with high
probability to at least a constant fraction of the clusters
merging. Doing this for r rounds leads to the claimed eΘ(r)
overall reduction in the number of clusters.

To determine the message complexity we note that each
cluster sends only O(1) messages per iteration. This leads to
at most O(n) messages in the first iteration. Since the number of clusters in subsequent iterations decreases geometrically with
P a factor of δ < 1 the overall message complexity
is also ri=0 δ i O(n) = O(n).

2.5

Cneighbor Discovery

The cneighbor-discovery sub-routine probes the nodes
neighboring a cluster in order to identify sufficiently many
distinct cneighbors. At the beginning of sub-routine, a cluster C has a set Γ(C) of neighboring nodes which are split,
potentially unevenly, among an unknown set of cneighbors.
In a round, the cluster probes roughly s neighbors. It stores
all the cneighbors it discovered in A(C) and repeats with
remaining neighbors. Intuitively, each such round makes
progress in one of two ways. One case is that it discovers
a large enough number of ’light’ cneighbors, which do not
contain a lot of neighbors, and we are done. The other case
is that it discovers ’heavy’ cneighbors, which contain a total
large number of neighboring nodes. In this case, in the next
round, C has a significantly reduced set of neighbors to work
on.
The algorithm is given as Algorithm 3.
Algorithm 3 DiscoverCneighbors(s, r)
1: X ← Γ(C)
2: A(C) = ∅
3: for 2r repetitions do
4:
select a random set R ⊆ X of size min{s1−(1/r) , |X|}
5:
PULL from each vS∈ R the members
of C(v)

6:
A(C) ← A(C)
v∈R
 {C(v)}
S ∪
7:
X←X\
v∈R C(v)
8: end for

Lemma 3. Assume each cluster is of size at most s and
suppose that s ≥ log2 n. With high probability after a call
of DiscoverCneighbors(s, r) each cluster C knows either
all or at least |A(C)| ≥ Θ(s1−(2/r) ) distinct cneighbors. The
routine furthermore requires at most O(r) rounds with at
most O(rs1−(1/r) ) messages being sent by each cluster.
Proof. Define t = s1−(1/r) . Consider one cluster C and
denote C1 , . . . , Cm its cneighbors. We define the degree
∆C (Ci ) of a cneighbor Ci to be the number of edges going
from C to distinct nodes in Ci . We classify these cneighbors
according to this degree into two groups. The first group
contains all “heavy” cneighbors whose degree makes up at
least a c log(n)/t fraction of X for some constant c > 1, i.e.,
∆C (Ci ) ≥ c|X| log(n)/t, while the second group contains all
other “light” cneighbors of C.
If at any iteration the size |X| of the remaining neighborhood becomes smaller than t then all neighbors are contacted completing the claim. The remainder of this proof is
concerned with the case that |X| remains large and t neighbors get selected in each iteration.
Since the t neighbors in R are chosen independently at
random each heavy cneighbor is PULLED in expectation
c log n times and with high probability at least once. In

particular the probability of not being PULLed at all is at
log(n)/t t
) < e−c log n .
most (1 − c|X| |X|
Conversely, every light cneighbor is hit with at most an
expected c log n PULLs from C and a standard Chernoff
bound shows that with high probability at most O(log n)
PULLs go to any such cneighbor.
We consider two cases. If the sum total of degrees going
into light cneighbors is at least a 1/t(1/r) fraction then the
number of edges selected from this set is in expectation and
with high probability Ω(t(1−(1/r)) ) = Ω(s(1−(1/r))(1−(1/r)) ) =
Ω(t(1−(2/r)) ). The number of distinct light cneighbors hit is
therefore at least Ω(t(1−(2/r)) )/O(log n) with high probability finishing the claim.
The other possibility is that the total number of edges
going into light cneighbors is less than a 1/t(1/r) fraction.
Since these are the only edges that make up the total degree
|X| the new set X 0 of the next iteration has size |X 0 | ≤
|X|/t(1/r) .
Thus each iteration with high probability either discovers enough distinct cneighbors or reduces the total degree
by a t(1/r) factor. Furthermore, if the algorithm does succeed in the first round we know that in this iteration at least
one cluster of degree c|X| log n/t existed. Since the degree
can be at most the size of the cluster which is assumed to
be at most s we get that either the first iteration succeeds
or |X| ≤ st/c log n ≤ s2 . Therefore, failed iterations which
reduce |X| by a factor of 1/t(1/r) can happen at most 2r
times before |X| ≤ t and all remaining cneighbors are contacted.

2.6

Degree Inflation

The sub-routine for degree-inflation works to expand the
out-degree of all clusters to a desired threshold d. In a
round, every ‘lean’ node, whose degree has not reached the
desired threshold, simply PULLs from all of its neighbors
their neighbor-sets. This means that a cluster PULLs information about nodes at twice the distance of the previous
round. Therefore, in at most log D rounds, the entire graph
can be PULLed.
Algorithm 4 InflateOutdegree(d)
1: for log D iterations do
2:
if |A(C)| < d then
3:
pull A(C 0 ) from every C 0 ∈ A(C) into A(C)
4:
end if
5: end for

Lemma 4. Assume that each cluster has outgoing edges to
either to all of its cneighbors or to at least d of them. Assume
further that the underlying network has a strong diameter of
at most D. Then, at the end of InflateOutdegree(d) a
cluster C is aware of either all clusters or at least d cneighbors, i.e, |A(C)| ≥ d. Furthermore, only O(log D) rounds
and O(d · log D) messages per cluster are required.
Proof. For analysis purposes, we fix a distance function
d() reflecting the shortest cluster-to-cluster hop length between clusters at the beginning of the procedure. Clearly,
d(C1 , C2 ) ≤ D for every two clusters C1 , C2 . InflateDegree
progresses in iterations. At the start of each iteration, a

cluster C is called lean if |A(C)| < d. Clusters continue
iterating the loop only as long as they remain lean.
We prove the lemma by induction on the following invariant: For every lean cluster C entering its k’th loop iteration, A(C) contains all clusters W with d(C, W ) ≤ 2(k−1) .
The base of the induction for k = 1 holds since if C is initially lean then it has outgoing edges to all of its distance-1
cneighbors. Suppose C is lean at the beginning of iteration
k + 1. Consider any cluster W with D(C, W ) ≤ 2k . There
exists some cluster W 0 on the path from C to W , such that
D(C, W 0 ) ≤ 2(k−1) and D(W 0 , W ) ≤ 2(k−1) . Let’s examine
A(C) and A(W 0 ) at the k’th iteration. When the iteration
starts, we know that C is lean, and by the induction hypothesis W 0 ∈ A(C). We know that C remains lean at the
end of the k’th iteration after it pulls A(W 0 ) into A(C).
Therefore, when the k’th iteration starts, W 0 too is lean,
and by the induction hypothesis, W ∈ A(W 0 ). Therefore,
W is pulled into A(C) at the k’th iteration. This completes
the induction.
Clearly, within log(D) iterations, C learns about all existing clusters and we are done. Each cluster furthermore
only uses less than d connections per iterations for a total
of at most d · min{log d, log D} connections per cluster.

2.7

Sample and Merge

A sample-and-merge sub-routine starts with at most N/s
clusters all having d out-cneighbors. Then, a fraction of
roughly 1/d are sampled to become center-clusters (more
precisely, we sample with probability c log n/d, to guarantee
that every cluster has a cneighbor which is sampled). Each
non-center cluster selects one sampled cluster among its d
cneighbors to join. At the end of the sub-routine, the number of clusters is reduced by a factor of roughly d/(c log n)).
Algorithm 5 SampleMerge(d)
1: with probability c log n/d become a cluster-center
2: if non-center cluster then
3:
contact d clusters from A(C) to find a center-cluster
4:
merge with an arbitrary neighboring center-cluster
5: end if

Lemma 5. Assuming that at the beginning of
SampleMerge(d) every cluster C is aware of at least d ≥
log2 n cneighbors, i.e., |A(C)| ≥ d, then with high probability
SampleMerge(d) reduces the number of clusters by a factor of Θ(log n/d). Furthermore, only O(1) rounds and O(d)
messages per cluster are required.
Proof. Let x be the number of clusters before SampleMerge. After sampling, the expected number of centerclusters is µ = x · (c log n/d). Since x ≥ |A(C1 )| = d we have
µ ≥ log n. Since each cluster makes an independent decision,
a standard Chernoff bound shows that with high probability
there are exactly Θ(µ) center-clusters which form the new
clusters after SampleMerge. A similar argument guarantees that with high probability out of the d neighbors contacted by a non-center cluster at least one center-cluster is
found. This guarantees that no non-center clusters survive
the SampleMerge procedure.

3.

CONCLUSION AND OPEN PROBLEMS

The work presented in this paper makes a large improvement in the round complexity of resource discovery on instances of interest while maintaining the overall communication optimal. There are a number of compelling problems
left to tackle.
First, while the message complexity of our algorithm is
O(n) there are nodes that send more than O(1) messages per
round. We believe that it is possible to design a gossip algorithm with the same running time guarantees in which nodes
send at most one message per round. This requires a modified Initialization routine which does not just guarantee
that the number of clusters is reduced by a polylogarithmic
factor but instead guarantees that each cluster is of polylogarithmic size. More importantly the SampleMerge routine
needs to be followed by an intricate re-balancing step which
guarantees that each cluster-center is joined by sufficiently
many clusters. We defer these details to the journal version.
Second, our work leaves open to further improve the network discovery time of graphs with only a weak diameter
bound. Our intuition is that a crucial building block for
solving this would be a log-logarithmic local-flooding algorithm. Once achieved, it may be repeated log D times to
fold the entire graph into a clique, in a similar manner to
the utilization of local broadcast in the gossip techniques
of [3].
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